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1. Bernstein Center

Z=(X*T),R,Y*(T),R"), H(%) = H; @ Z|X*(T)] with cross relation

0)\ - 98 A
T, _'jgaesﬂn =(q— 1)“““j‘l
1—-0_q
Let A = s(\) above, then adding the two equations yields
T5(0x + O5n)) = (Ox + O5(n)) T (1)
) )
Theorem 1 (Bernstein)
For any A\ € X .(T), define
= > O
’LUEWf
Then Z(H) = P Zlg™"] =n 2 Z[g™[X*(T)]"7.
XX (T)
\ J

Proof. (1)z\ € Z(H) : The Zy = (s) action on W partitions Wy into cosets of size 2. Thus

TSZ)\ = Z TS(9w~)\ + eswv\) Eq:(l) z/\Ts

weWy /<s>
(2) {22} generates Z(H). We have a map sp : H — Z[Weyt] = Z[X*(T') x Wy] given by sending ¢ — 1.
Lemma 1. Let G C R faithfully where R is an integral domain. Then Z(R x G) = RC.

Proof. R C Z(RxG)re R% commutes with R, and note gr = g(r)g = rg and thus commutes
with G as well.
Z(R x G) < RY Let 7 € R, and suppose z € Z(H), write z = Z 2g ® g where z, € R. Then

geG

dorzg@g=rz=zr=> z,@gr=>» z4g(r)®g VreR
geG geG geG

Since {g} cp is an R—basis for R x G and R is an integral domain it follows that
zgr = 249(r) = r=g(r)Vr € R

But G ~ R faithfully and thus only z; is nonzero and thus z = z; € R. But now zh = hz =
h(z)h = z = h(z)Vh € G and thus z € R as desired. [
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Let R = Z[X*(T)] and G = Wy, then G C R faithfully as the only weight in the intersection of all the
hyperplanes is 0. It follows that

ZAUWal) =X T = D Zoor, o= Y oA

XEX(T) weWs

Note m = ker sp = (1 — ¢)H is a prime ideal. Since sp is surjective it restricts sp : Z(H) — Z(Z[Wezt))
and we have the SES
0= mZ(H) = Z(H) 5 Z[X*(T)" =0

Localize the above sequence at m and since this is exact we have Z(H)w/mZ(H)m = Z[X*(T)]"7. But
since sp(zy) = cy, if we let Z/ = @ Z[q™Y] - zy we also have
XX (T)
0—-mZ — 7' 2 7] x ()" -0
and thus localizing at m it follows that
ZH)wm/MmZ(H)m = Zyy/mZy, (2)

H if f.g. (< [Wy|) over Z[X*(T)]) which itself is f.g. (< |Wy| ) over Z'. Since Z’ is Noetherian a ring it
follows that H is a Noetherian module over Z" and Z(H), being a submodule, is thus a f.g. module over
Z'. Since Zj, is a local ring and Eq. (2) shows that Z(H)n = Zi, + mZ(H)m, by Nakayama’s lemma it
follows that Z;, = Z(H)m.

Thus every z € Z(H) can be written as a Z[g™'], sum of zy’s and in fact must be a Z[¢F'] sum as z, 2y
have no poles. Finally the z) clearly independent over Z[qﬂ} |

Corollary 2. All irreducibles of H are f.d.

Proof. The above proof shows that H is finite rank (< [W;|?) over its center and thus follows from “big
center trick.” [

2. The Xl case

Let PGLy = (Z,{#1},7Z,{£2}). Because X*(T) = ZR', H = H(PGLs) = H1p((s,t)) = C(Ts, T,,) | ~.
In particular, we have the quadratic relation (T + 1)(Ts — ¢) = 0. Thus, there are two obvious one
dimensional irreducibles

Criv : Ts, T ~ q Cst : Ts, Ty ~ —1
In the Bernstein presentation we have H(PGLy) = C <TS, g, 0_1>/ ~ and recall from Che’s talk that

0 = ¢ 'T, T, and thus

Ciriv : 0~ q CStZQK\vq_l

Theorem 3. (a) L; := Indé{[eil](:t is irreducible YVt € C* '\ {q, ¢t —1}.
(b) Li 2 L, <= w=1t"

(c) Besides {L}, the only other irreducibles of H(PGLs) are Cypiy, Csy, and w(—1,triv), m(—1, St).
All are 1-dimensional and fit in SES
0— St =Ly —triv—0
0 — triv —Lg—1 — St =0
0 — m(—1,8t) =L_1 = m(—1,triv) — 0
! Technically this should really be H(SL2) but Solleveld’s notation is flipped so that Wars = W x R.
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Proof. (a) By Bernstein presentation we have H = #; ® C[6*!] and thus L, = H; = C(triv) & C(sgn)
as H y-modules. Recall

_ Ts+1 Ts—q
C(t =C =— C = Ces, €5 =
(triv) e e =77 7 (sgn) es, € 11 a
Recall the defining commutation relation of H(PGLs2)
91T5 — Ts¢9_1 = (q — 1)(91 + 1) (3)
It follows that
GI(TS + 1) =T0_1+ q91 + (q - 1) (4)

If Ly is H—reducible = L; is H—reducible. and from above it must contain C(triv) or C(sgn) as an
H ¢ submodule and since dimc L; = 2 it follows that C(triv) or C(sgn) must be a H submodule <=

T, +1 1 Eq. Tt~ ! t -1 1
ke, = 01e; — glﬂ Bq_(4) (Tst™" + (gt +q—1)) @9
1+g¢ 1+g¢

1

<= qt+q—1=1t""! and using the quadratic formula we see that ¢t = ¢ ‘or — 1. A similar calculation

with C(sgn) shows that t = ¢ or —1.

-1 -1
(b) Consider the element f = bla 7 _);:f € C(X*(T)). By direct computation we have
0T — f)=(Ts = )" (5)
For t ¢ {1,—1} f has well defined action on L; and given v € C; \ {0} we have
Eq. (5) —1 1
0(Ts — fll®gv) = (Ts — f)07 @gv =1t (Ts — [)(1®gv)

Since 1 ®g 1 generates the {—eigenspace it follows that Rescpg Ly = C; © C;-1. Now,

L,=2L; <— 0 75 HomH(Indg[gil](Cw, Lt) = HOm(C[gil](Cw, RGS(C[Qil]Lt)
== Hom(c[gﬂ] ((Cw, (Ct D (Ct—l)
— w=tort !

(¢) We claim any irreducible 7 of H must be a quotient of L; for some t. Since 7 is f.d. by Corollary 2
there must at at least one eigenvalue for 6 say t. Now note

HomH(Indg[eil}(Ct, m) = Homgjp+1)(Ct, 7) # 0
which gives the surjection as 7 is irreducible.

Remark. The exact same argument in (¢) shows that in general all simple H—modules are quotients
of Indg[ X*(T)](Ct for some t € T.
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3. Local Langlands

Unramified Local Langlands: Let K be a non-Archimedean local field and Wy the Weil-Deligne group
(“discrete” version of Gal(K/K)).

{“spherical” reps of G(K)} L1 {“unramified” Weil-Deligne reps in G"(C)}
} }
{reps of G(K) admitting a G(O) — fixed vector} {semisimple elements in G"(C) up to conjugacy }
VHVG(O)IZ

{irr of Hypn = Fun (G(O)\G(K)/G(0),C)}

Theorem 2 (Satake)
Haspn s commutative and there is a canonical isomorphism

Hopn = Ko(RepGY) @7 C

By the Weyl character formula we know that Ko(RepG") = Z[X*(TV)]"* and thus
Ko(RepGY) @7 C = C[X*(T)]V7 = O(TV /W) = O(GY, /conjugacy)

In type A, the last equality is true because semisimple elements in GL,, correspond to diagonalizable
elements so up to conjugacy are parameterized by entries on diagonal modulo the order (action of \S,,).

Now we see that Irr Hpj, = Hom(?—[sph, C) Satake

G, /conjugacy as desired.

Tamely ramified Local Langlands: Let ¢ = |O/m| be the size of the residue field.

o « : 9 1 . . v
{reps of G(K) admitting a I — fixed vector} finite:1 { tamely ramified” Weil-Deligne reps in G (C) }

with unipotent monodromy

VsV I} IZ

{irr of Hewr = H(G(K), 1)} { pairs (s, N) € G,(C) x NV |sNs ™! = gN}

where N is the nilpotent cone of g.
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